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Introduction and Rationale

We use concrete materials and manipulatives in the classroom in the lower primary years but often
move away from them as students get oldgiving studentsthe impressiorthat they aretbabyistd

and that it is moregrownupoto manage without them. This is a misguided approach and
manipulatives should be used all the way through school.

Students often experience difficulty with Algebra and tfzgation it employsAlgebra tiles are a
manipulative that can help develop studéstunderstanding and confidence with algebra, at many
different levels.

The tiles employ the area model of multiplication and this needs toxptoeed and understood if
the students are to get the mxanum understanding and benefit from their usgee the references
at the end of the document for more detail on the area model.

This lesson sequence is not meant to replacextbtmk but is an introduction to the use of algebr
tiles. Useyour usual textbook and classroom resourémsexercises and practice.
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Concrete, Representational, Abstract (CRA) Model

This model is used throughout the lesson sequence.

TheCRAmodel is designed to move students from the:
Goncrete’i using manipulatives, such as the Algebra Tiles; to the
RepresentationalPictorial i drawing a picture/taking a photo of the tiles; to the
Abstracti writing the expression/equation using symbols.

Using manipulatives is an important stage in the developméstudent understanding. This stage
is often omitted in senior school, where manipulatives are perceivebasyistd Giving students
the opportunity tolaydwith the tiles can help them teseeandfeel what is happening and can
therefore, help student$o develop a deeper understanding of formal algorithms.

The second stage is the representational or pictorial. In this stage students are asked to draw a
diagram or take a picture of what they did. This can be just a pictorial version of the final tile
arrangement or a more complex drawing explaining how they manipulated the tiles.

The abstract phase is where students move towards using numbers and symbols to show their
thinking and understanding. This can be developed from the representational stagenttedn
then develop (or be shown) a formal algorithm for solving the problem.

This is not a linear progression. Some students will move from the concrete to the representational
to the abstract, others will jump around. Having the concrete materialdabtaifor those that want
to use them is important. Students shid, feel comfortable and confident using them.

There are references at the end of the paper for a deeper explanation of this model and the research
behind it.
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Introducing the Algebra Tiles

There are three different tiles in the Algebra Tile set, each with two coloapesentingpositive
and negative values

Although you can buy these tiles (sééps://www .aamt.edu.au/Webshop/Entire
catalogue/AlgebrelilesAustraliaa-concretevisuatareabasedmodelbook) they are also easy to
make.

There is an interactiv@nlineversion athttp://www.drpaulswan.com.au/operatingheatre

The tiles are as follows:

The smallest tile is a 1 by 1 unit representing the constardr -1
The next tile is 1 byx, representingtx or -X.
The largest tile iX by X, representing+x? or -x?

Thex dimension is intentionallyot equivalent to a fied number of single unifsn terms of size
This is so that students dwt associate the length of with any particular value.

You could writghe valueson the tilesif you felt that the students needed the visual reminder.
Ideally each student should have their own set of tiles. To make a set of tiles

1. You will need two colours of cardboard, or thin foam (preferably one of these should be with
an adhesive sideYVe suggest that you usedaotdand adcoolbeolour, such ablue/green or
red/yellow. (Choose colours that are easy for students who arewdbtind to recognise)

2. If you are using cardboard:

a. Photocopy the template below on to one piece and ttetick them together and
laminate
b. Cut out the tiles using the template
3. If you are using foam:
a. Stick the two colours together
b. Using the following dimesionsdraw and then cut out the tiles:
i. 1-unit tilesi 1.5cmx 1.5cm
ii. Xtilesi 1.5cmx7 cm
jii. x2tilesi 7cmx7cm

Creating the tiles with the students is a good lessuitselfi especially if you measure out and cut
them. It is also a good introduction intbe concept of the area modle
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Templats

a. the template for making Algebra Tiles
b. the multiplication space
c. the general workspee

Students wilheed an A3double-sided, laninated sheet with the two worksaces as shown in the
templates belowThe first is for the modelling of multiplication and the second is an open
workspaceHaving these laminatemeans that the students can anma¢ what they are doingwith
whiteboard markers, as they are workimather than taking noteseparately
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Zei-Sum Pair

This concept is key to the understanding of algebra tiles.
The two colours represent positive and negatiadues

Show the students two tiles, ¢hsame size but different colours:

Ask the students what they see that is the same and what is different.

Inform the students that one represents a positive value and one a negative value of the same
magnitude.When put together they make zero, just-d + 1 = 0. fis is called the zerprinciple and
the two tiles form azero-sum pair. This is an important concept and the students will need to be
familiar with it as they work with the tiles.

These are all examples of zesom
pairs
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Modelling Integes

The first stage to using algebra tiles is todal different integers ithe open workspace.

Allow the students ample time to familiarise themselves with the tiles, the meanings of each colour
and the concept of zersum pairs.

Ask then to model numbeilis multiple ways using the zeresum pairs

They should use the tiles, draw representations of what they have done andutitentheir ideas
using symbols.

e.g.

(+2) +{1 + 1)=+2

+2

-3 (-3)+€(1L+1+(1+1)=3

| have used the plusign to indicate a positive integer in these examples. It is important that
students become aware that a number with no sign isdaey mathematiciar@vay of writing a
positive number! As we assume that most numbers asitive we do not indicate it.

Here as | want to clearly distinguish between positive and negative quantities/e used the
6+0symbol. This can be dropped as the students become more familiar and confident with
manipulating the tiles.
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Addition and subtraction of integers

The addition of integrs is the first operation to model with students.
It is important to distinguish between the direction of a number and the operation being performed.

Forexample:
(+2) + {1) = +1ould be read a2 add, negative 1

(+2)- (-1) =+3Should be read a subtract,negative 1

The operatiortsubtraccanbe modelled as the opposite éidda In terms of Algebra Tiles this
meansdurn overd

For the amples above:

(+2) +{1)=+1

+2 -1

The circled pair of tiles form a zesom pair

(+2)-(-1)=+3
+2 -1 +2 -(-1)
Model the numbers Turn the second number over to model the
operation&ubtracH
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Another example:

(-3)-(-9)=-1

3 2 3 -(-2)

—)

Model the two numbers in the equation The second number is tumnesvrer as the
operation isGsubtract

Then the zeresum pairs are identified
and removed, to leave the result
(answer).

Give studentsample time to practicesimple additiorand subtraction problem® model and solve.
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Area model of multiplication

The areanodel of multiplication uses the sameqeess as arrays. Area is found by multiplying two
values. Therefore, by arranging the algebra tiles in a rectangle we can find the product.

To find the product of two numbers arrange the tiles in a rectangle with the given dimensions.

e.g.

2X3=6

HE .

. | HH B
HE N

When multiplying by a negative number arrange as if positive thendwar the tiles for each
negative number.

2X-3=-6
If one of the multipliers is negative tuwver the X -3
tiles oncei they will all be negtive
2
-2X-3=6

If both multipliers are negative turover twicei
they will return to positive X -3

In general, where the signs of the multipliers are different the result is negative, where they are the
same the result is posite. This result should become apparent to students as they uséldeto
model multiplication.
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The area model is useful when looking at large number multiplication and partitioning numbers.

e.0.27x43

X 20 7
40 40x 20 =800 40x 7 =280
3 3x20 =60 3x7=21

27x43=800 + 280 + 60 + 21 = 1161

Thismodelwill lead into the multiplication of linear and quadratigpeessions tooStudents showl
be able to relate the different areas to tlukfferent parts of the expressions beimgultiplied. It

shouldhelpthem to see what isneant bydnultiplying everything bgverythingor the FOIL
method.

There is a reference at the end to a James Tanton \édptainthe area model.
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Using the area model for division

The area model can also be used for division.

Here you take the given number afes (the dividend) and arrange themtma rectangle, with one
side set to the given dimension (the divis The other dimension wilhen beanswer to the
problem (the quotient).

e.g. forl2/4

Take the 12 tiles and arrange in a rectangle with 4 rowsanbwer will then be the resulting
number of columns.

If the divisor is negative, thegither the dividend or quotient must be negative.
If divisor is positive and the dividend is nége, then the quotienimust be negative.

These results should become obvious as the studexgkee divisionusing the tiles.
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For exkample:

-12+4 12+ -4

? =-3 ? =23

-12+-4
? = +3
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Forming algebraicxpressions

We form algebraic pressions by taking the required number of algebra tiles and turning them to
show the appropriate colour.

e.g. X2+ X1 4
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Adding and sulbaction algebraicxpressions

To add epressions first fan the expressions then put them together. Remove any zsum pairs
that are formed and count the remaining tiles.

e.g. x>+ Xi4) + (x*-3x+1)

Form each gpresson

Put the twosets of tilegogether, arranging the same sized
~tilestogether (collecting like terms)

Remove any zersum pairs formed

The remaining tiles form the resultingg@ession

2x%2-x-3
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To subtrat one expression from another, first form the twaxpressions:

(2x2+ X1 4)

(X2+x-2)

-
-—

QD
- L

The reason for turning the second set of
elements over is that subtraction is the
opposite of addition. You are in effect
multiplyingall the elements byl.

Then combine

and remove any zersum pairs

L
o

Before you combine the
expressions turn all the element
of the second expression oue

|

to find the solution
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Substitution

We can use the algebra tiles to illustrate the meaningudgfstitution, in algebra
Eachx-tile canbe replaced by thgiven number of unit tiles.

To replaceanyx?tiles, form a square with sidiength equal to the givemalue
After replacing thex? andx-tiles, remove any zersum pairs to find the total.

e.g. find the value af?+x 71 3, whenx = 2

The original gpression Replace thex? with 4 unittiles and thex with two unit-tiles

Giving:

Remove the zersum pairs:

The value ok?+ X1 3, whenx = 2

P+ (2i 3=4+23=3
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Solving linear equations

We can use algebra tiles to solve lineguations This is a good way to illustrate the balancing
method and for students to getdeeldfor doing the same to both sided an equatiodand why
we do this.

e.g.Solve3x + 5 =17

First model the problem:

3Xx+5 = 17

Addtiles to form zeresum pairs:

5 -5
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Remove the zersum pairs:

3X

1
=
N

Now group the unitiles by the number ok-tiles:

/13 13

Identify the value of on&-tile

] 1 BN |

Eachx-tile is equivalent tat unit-tiles.

Giving a visual demonstratiarsing concrete materials like algebra tiles can help students develop a
stronger understanding of the formal algorithm
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It is important that students have an appreciatiom fehat &solvingdmeans in this conté. Remind
students that weare trying to discover thaumerical value of the unknown quantiky

Note: algebra tiles can only be used if the solution is an integer vidlisadmportant to give students
other exampleswhere this is not the case so that studewis not, mistakenly, believe that solutions
will always be integersThese can be introduced once students are comfortable working in the
abstract mode.

The following are some more@mples of solving equatis with algebra tiles.

Example 1:3X1T 2 =7

Model the question As we are trying to find the value »fwe need
to remove elements until we have attile on

its own. Here, we fst remove the unitiles on
the same side as thetiles. In this case by

adding two unittiles to each side.

Bl TR
= AT

To find the value of ong-tile we need
to group the unittiles against the-tiles.

This shows us that one-tile is
equivalent to 3 unittiles.
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Example 22X +3=3x -1

Model the question Remove negative constants by addin
positive unittiles to form zeresum
pairs

As we only wanx-values on one side we Removing the zersum pairs gives us the
need to remove the smallet-value by value of thex-tile. Inthis casex = 4.
adding negative-tiles to form zeresum

It is mportant to show that thex does not

pairs )
have to be on the lefhand side.
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Example 3:31 x =9 +2x

Model the question Always deal with negative values fiist
in this case by adding afitile to form a
zero-sum pair

Add negative unitiles to form zeresum
pairs to isolate the-tiles

Remae the zeresum pairs Group the unittiles to correspond with
the X-tiles
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Display the valueorresponding to one
X-tile.

In this case =-2

Students should be aware th#tis not
always a positive value.

In the above gamples| have tried to showdifferent styles of equations and different ways of
annotating.

Allow the students to discover their own ways of annotating, no one style is coltrecmore

important that students find a way of solving these equations themselves and dearlapstract
representation that works for them. You may wish to show theame traditional
approachefalgorithms but | would suggest you do this only when the students are comfortable and
confident in solving simple equations.
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Multiplying algebraicxpressions by integers

The first stage in multiplying algebraixpeessions is to mtiply them by an integer.

To do this using the algebra tiles use the multiplyiemmplate to arrange the questicand then fil-in
the rectanglelt is a good ide#o suggest to the students to arrange the tiles so that xhéles are
first and then the uit-tiles. This reflect¢he arrangemenin the area model of multiplication.

eg. 2X(X+2)

Start by putting the multiplicands in the
template.

As the template is laminated the students
can annotate what they are doing on the
work-surface.

Fill in the rectangle and count the tiles to
solve the problem.
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You can change the problem to multiply 42yby turning the tiles over.

e.g.

Or change the question to see how this will affect the result.

But this is the same &x (X + 2)?!

Or show a product and ask what the multiplicands could have Been

Can you do this another way?
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Multiplying two lineabinomial)expressiondo form a quadratic

You do this the same way as above but when you mulkifily X you fill in thespace with thex? tile.

eg.X+2)(x+3

O ¥2)ND) =

Oc ¥L)AD)=

You can find the result by counting the individual tiles:

O y2)CAD) =3 xS 4 € ‘
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It is important that students get time to practice this and use the CRA model. Some will move away
from the tiles to drawing pictures and then symbolic notion earlier than others.

Practice at multiplying directed numbeissimportant toq as this is a skill that students often
struggle with.

Remember to remove zersum pairs

Students may start to notice patterns and should be alloweddudare these this may lead them to
factorisation.

Students should be encouraged to reldlbe areas of the rectangle formdu the algebra tilego
the area model for multiplication.

X 2X -1
X 2x2 -X
+2 +4x -2

(2x-1) X +2) = X2-X+ & -2=2X2+3XT 2

This is a good way to move to thepresentationelementof the CRA modeRepresentationdoes
not only mean that students draw a pictuoé the tiles Drawing the area model, as above, is
another way of representing the problem.
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